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ENERGY, ENTROPY, AND ARBITRAGE
SOUMIK PAL AND TING-KAM LEONARD WONG
Abstract. We introduce a pathwise approach to analyze the relative perfor-
mance of an equity portfolio with respect to a benchmark market portfolio. In
this energy-entropy framework, the relative performance is decomposed into
three components: a volatility term, a relative entropy term measuring the
distance between the portfolio weights and the market capital distribution,
and another entropy term that can be controlled by the investor by adopting
a suitable rebalancing strategy. This framework leads to a class of portfolio
strategies that allows one to outperform, in the long run, a market that is
diverse and sufficiently volatile in the sense of stochastic portfolio theory. The
framework is illustrated with several empirical examples.
1. Introduction
1.1. Rebalancing and volatility pumping. Rebalancing and volatility pumping
are popular topics in mathematical finance and investment management. To recall
a classic example (see for example [Lue98, Example 15.2] and [DESH07]), consider
two assets whose prices fluctuate as follows (see Figure 1 (left)). Asset 1 earns
−50% return for all odd periods and 100% return for all even periods. On the
other hand, Asset 2 is a risk-free asset whose return is always 0%.
If one buys and holds any of the two assets, clearly no long term growth will be
created. Nevertheless, if the investor rebalances the portfolio so that equal amount
of capital is invested in the two assets at the beginning of each period, the resulting
equal-weighted portfolio outperforms any buy-and-hold portfolio exponentially in
time. To see why, note that the return of the equal-weighted portfolio in the first
period is
1
2
× (−50%) + 1
2
× 0% = −25%.
and the return for the second period is
1
2
× 100% + 1
2
× 0% = 50%,
Over two periods the growth of the portfolio is the product of the ‘down factor’
0.75 and the ‘up factor’ 1.5:
0.75× 1.5 = 1.125.
This is strictly larger than 1, and compounding gives exponential outperformance.
This example illustrates that systematic rebalancing is capable of capturing profit
‘from volatility’ even when the underlying assets experience zero growth. Intu-
itively, this is because rebalancing has a built-in buy-low-sell-high effect which is
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Figure 1. Illustration of volatility pumping. Asset 2 is cash and
asset 1 either goes up by a factor of 2 or goes down by a factor of
0.5. Six periods are shown in the figure. Left: The price pattern
is −+−+−+. Right: The price pattern is −−−+ ++.
absent in buy-and-hold portfolios. In practice, it has been observed (see [BNPS12,
PUV12]) that a rebalancing portfolio often outperforms a capitalization-weighted
benchmark portfolio.
In spite of the large volume of literature on the theory and practice of rebalancing
and volatility pumping (see [FS82, FM07, DESH08, PR11, MTZ11, CZ14, Hal14]
and the references therein), there is some confusion among academics and practi-
tioners. This, we believe, is due to the fact in most theoretical analyses of rebal-
ancing very strong assumptions are imposed on the dynamics of asset prices, which
give a false impression that rebalancing only works in those situations. An impor-
tant case in point is the (wrong) assertion that rebalancing is profitable only when
the underlying price changes are negatively correlated like in the above example
[CZ14]. There is thus a strong need to study the precise conditions under which
rebalancing or volatility pumping beats a capitalization-weighted portfolio.
1.2. Stochastic portfolio theory. Important progress towards this question has
been made by Stochastic Portfolio Theory (SPT) (see [Fer02] and [FK09] for an
introduction) which is a descriptive theory of equity market and portfolio selection.
To fix ideas, consider an equity market consisting of n stocks. If Xi(t) is the market
capitalization of stock i at time t, the ratio
(1.1) µi(t) =
Xi(t)
X1(t) + · · ·+Xn(t)
is called the market weight of stock i and represents the proportion of total market
capital in stock i. The vector µ(t) = (µ1(t), . . . , µn(t)) of market weights takes
values in the open unit simplex
∆n =
{
p = (p1, . . . , pn) : pi > 0,
n∑
i=1
pi = 1
}
.
If at each period one invests according to the market weights, the resulting portfolio
is called the market portfolio. The market portfolio is a capitalization-weighted
portfolio whose value represents the overall performance of the market. Accordingly,
it is frequently taken as an investment benchmark. For example, the S&P500 index
may be taken as a proxy of the market portfolio in the US stock market, and the
MSCI EAFE index is a benchmark of the global equity (ex-US and Canada) market.
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Rearranging the market weights from the largest to the smallest, we get the
capital distribution of the market: µ(1)(t) ≥ · · · ≥ µ(n)(t). Stochastic portfolio
theory exploits the fact that the distribution of capital exhibits remarkable stability
over long periods (see [Fer02, Chapter 4]). A particular property, called diversity,
states that the biggest company cannot dominate the market, i.e., µ(1)(t) ≤ 1−δ for
all t, for some δ > 0 (see [Fer02, Chapter 2]). Making use of this stability, the theory
identifies a subset of a family of portfolios – functionally generated portfolios – which
is capable of profiting from volatility by systematic rebalancing and outperforming
the market portfolio over sufficiently long horizons. These portfolios are called
relative arbitrages with respect to the market under the conditions of diversity and
sufficient volatility. Each functionally generated portfolio is given by a deterministic
function which assigns a portfolio vector pi(t) to the current market weight vector
µ(t). An example is the diversity-weighted portfolio whose portfolio weights are
given by
(1.2) pii(t) =
µλi (t)∑n
j=1 µ
λ
j (t)
, i = 1, . . . , n,
where 0 < λ < 1 is a fixed parameter. See [FGH98] for its practical applications.
These remarkable results (see [FK09, Chapter 2] for precise statements) were first
obtained by Fernholz in a continuous time setting where stock prices are modeled
by continuous Itoˆ processes. It is natural to ask whether the same results hold
in discrete-time (after all portfolios cannot be rebalanced continuously in practice)
and whether there are portfolios, not functionally generated, that beat the market
under similar assumptions on diversity and sufficient volatility [FK09, Remark 11.5].
Since the original proofs are based on stochastic calculus, an alternative approach
is required.
1.3. Our contributions. The purpose of this paper is to introduce an information-
theoretic, pathwise and model-free framework for analyzing the performance of any
portfolio relative to the market portfolio, with an emphasis on profiting from mar-
ket volatility. We call this the energy-entropy framework. This paper is the first of a
series of papers [PWng, Won15a, BNW15, Won15b] devoted to a pathwise approach
to relative arbitrage, functionally generated portfolio and stochastic portfolio the-
ory. In particular, [BNW15] gives a more accessible treatment of the energy-entropy
framework for practitioners and contains more empirical examples.
We summarize our contributions as follows. First, we provide a treatment of
the basic results of stochastic portfolio theory in discrete time, showing that no
stochastic modeling assumptions are required. Instead of analyzing specific statis-
tical models of stock prices, the basic unit of our analysis is individual paths of
stock prices. The absence of probability considerations allows us to focus on the
path properties of stock prices that are relevant to rebalancing. Second, we derive a
pathwise decomposition formula for the performance of any portfolio relative to the
market portfolio; it quantifies the profit or loss of the portfolio due to rebalancing
and market movement. While decomposition formulas for functionally generated
portfolios (see [Fer02, Theorem 3.1.5]) in continuous time stochastic portfolio the-
ory are also pathwise, their derivation depends on stochastic calculus. Here, our
derivations are completely free of probabilistic considerations. Third, this frame-
work leads to a class of portfolio strategies that are capable of beating a diverse
and sufficiently volatile market in the long run; they are not functionally generated
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(thus answering [FK09, Remark 11.5]) and are more flexible. We call them energy-
entropy portfolios. Last but not least, this framework is also suitable for analyzing
hierarchical portfolios (i.e., fund of funds, see Section 4.3). The energy-entropy
framework is implemented in the R package RelValAnalysis (Relative Value Anal-
ysis) available on CRAN.
The main idea of the mechanism underlying rebalancing and volatility pumping
can be understood from a simple modification of the first example (it also shows
that negative correlation is not required for rebalancing to work). Suppose that
the returns of asset 1 are resuffled over time as in Figure 1 (right). Now except
the fourth period the price changes are positively correlated. The growth of the
equal-weighted portfolio over the six periods remains unchanged because we can
rearrange the factors:
0.75× 0.75× 0.75× 1.5× 1.5× 1.5 = (0.75× 1.5)3.
Thus, the key driver of the long term growth of the rebalancing portfolio is the
number of times the growth factor 0.75× 1.5 can be matched. As it turns out, this
is closely related to the concept of sufficient volatility. Our framework generalizes
this idea for any number of assets and any dynamic portfolio strategy.
1.4. Pairs trading. The special case of two assets often goes by the name of pairs
trading. Widely used in practice [GWR06], it is often the first example of statistical
arbitrage that comes to mind. Unfortunately, although pairs trading has been in
practice for over 30 years, its analysis often make use stringent assumptions such
as mean reversion of the relative price of one asset with respect to the other. As
we show by a binary tree model in Section 2.3, pairs trading is a special case of the
general stochastic portfolio theory and its efficacy is determined just by diversity
and relative volatility of one asset with respect to the other. The advantage of our
approach is that the above claim is shown pathwise for every discrete-time path
without any assumptions or statistical modeling regarding its future behavior.
1.5. Outline. The rest of the paper is organized as follows. Section 2 describes the
mathematical set up including the relative value of a portfolio strategy with respect
to the market portfolio. In particular, Section 2.3 gives a formal treatment of the
two-asset example. It provides fresh insights into rebalancing and pairs trading and
introduces connections with Fernholz’s functionally generated portfolio. In Section
3 we derive the main decomposition formulas of the energy-entropy framework.
Several applications of the framework will be given in Section 4. In particular, we
introduce a class of portfolio strategies called energy-entropy portfolios. In Section
4.2 we illustrate the performance of these portfolios using actual data. Finally,
in Section 4.3, we extend our analysis to a portfolio of portfolios. We show our
information-theoretic framework neatly attributes gains from rebalancing to the
various levels of the hierarchy (i.e., rebalancing within portfolios vs. rebalancing
among portfolios) in the spirit of ANOVA decomposition in classical statistics.
2. Preliminaries
2.1. Market capital distribution. We consider an equity market in discrete time
consisting of n ≥ 2 stocks. Although we restrict ourselves to equity markets, other
asset classes can be used for the following analysis as long as we interpret the market
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portfolio properly. For instance, we may interpret each ‘stock’ as an industrial sector
or a country equity index.
Let Xi(t) > 0 be the capitalization of stock i at time t. We assume that each
stock has a single outstanding share, so Xi(t) may also be regarded as the price of
stock i. The market weight of stock i at time t is defined by (1.1). In our idealized
model all capital changes are driven by stock returns. Thus, if Ri(t) represents the
return of stock i over the time interval [t, t+ 1], the market weights can be updated
by the formula
µi(t+ 1) =
Xi(t)(1 +Ri(t))
X1(t)(1 +R1(t)) + · · ·+Xn(t)(1 +Rn(t))
=
µi(t)(1 +Ri(t))
µ1(t)(1 +R1(t)) + · · ·+ µn(t)(1 +Rn(t)) .
(2.1)
We visualize the evolution of the market as a sequence {µ(t)}∞t=0 of market weight
vectors with values in ∆n. In our pathwise approach, we do not assume that the
sequence {µ(t)}∞t=0 is a realization of a stochastic process. We take the path as it
is and investigate what path properties are required for the existence of relative
arbitrage opportunities.
2.2. Relative value of portfolios. A portfolio weight vector is an element of the
closed unit simplex ∆n which is the closure of ∆n in Rn. The components of pi
represent the proportions of capital invested in the available assets. In particular,
all portfolios considered are all-long and fully invested in the equity market. A
portfolio strategy is a sequence pi = {pi(t)}∞t=0 of portfolio weight vectors chosen
sequentially based on historical prices and other information of the investor. Given
pi, consider the corresponding self-financing portfolio with initial investment $1. If
Zpi(t) denotes the value of this portfolio, we have
(2.2) Zpi(t+ 1) = Zpi(t)
(
1 +
n∑
i=1
pii(t)Ri(t)
)
,
where Ri(t) is the return of stock i over the interval [t, t+ 1]. If pii(t) ≡ µi(t), the
resulting portfolio is called the market portfolio and will be denoted by µ. It is easy
to check that
Zµ(t) =
X1(t) + · · ·+Xn(t)
X1(0) + · · ·+Xn(0) .
The objective of this paper is to analyze the performance of a portfolio relative
to the market portfolio. This will be measured by the relative value. For simplicity
transaction costs are not included.
Definition 2.1 (Relative value). Given a portfolio strategy pi, its relative value
(with respect to the market portfolio) is the ratio
Vpi(t) =
Zpi(t)
Zµ(t)
.
The following lemma shows that the evolution of the relative value depends only
on the market weights.
Lemma 2.2. The relative value of any portfolio strategy pi satisfies Vpi(0) = 0 and
(2.3)
Vpi(t+ 1)
Vpi(t)
=
n∑
i=1
pii(t)
µi(t+ 1)
µi(t)
.
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Proof. Since Zpi(0) = Zµ(0) = 1, it is clear that Vpi(0) = 1. We have
Zpi(t+ 1)
Zpi(t)
=
n∑
i=1
pii(t) (1 +Ri(t))
and
Zµ(t+ 1)
Zµ(t)
=
n∑
i=1
µi(t) (1 +Ri(t)) .
By (2.1), we have
Vpi(t+ 1)
Vpi(t)
=
Zpi(t+ 1)/Zpi(t)
Zµ(t+ 1)/Zµ(t)
=
n∑
i=1
pii(t)
1 +Ri(t)∑n
j=1 µj(t)(1 +Rj(t))
=
n∑
i=1
pii(t)
µi(t+ 1)
µi(t)
.
(2.4)

A portfolio strategy pi is said to be constant-weighted if the portfolio vector pi(t)
is constant over time. Abusing notations, a constant-weighted portfolio can be
represented by a vector pi ∈ ∆n.
Remark 2.3 (Rebalancing). Most portfolio strategies, including the constant-weighted
portfolios (where pi has at least two strictly positive components), require trading
in order to maintain the desired portfolio weights. More precisely, suppose at time
t the portfolio vector is pi(t). By the consideration leading to (2.1), just before
trading happens at time t+ 1, the proportion of capital in stock i is
(2.5) pii(t+ 1) =
pii(t)(1 +Ri(t))∑n
j=1 pij(t)(1 +Rj(t))
.
The implied weights pii(t+ 1) are sometimes called the drifted weights by portfolio
managers, and properly speaking rebalancing is the trading which moves the port-
folio weights from pi(t+ 1) to the new weights pi(t+ 1) (instead of moving from pi(t)
to pi(t+ 1)). With this terminology, a buy-and-hold portfolio – such as the market
portfolio µ – is a portfolio strategy pi satisfying pi(t+ 1) = pi(t+ 1) for all t.
2.3. Two-asset case. In this subsection we expand upon the two-asset example
in the Introduction using a binomial tree model. The intuition gained will be useful
in the general case. Suppose there are two assets whose prices are X1(t) and X2(t).
Let
Y (t) := log
X1(t)
X2(t)
be a measure of relative price. We assume that ∆Y (t) = Y (t + 1) − Y (t) only
takes the values σ and −σ where σ > 0 is a fixed constant. We think of σ2 as the
instantaneous volatility of the relative prices.
Given a portfolio strategy pi(t) = (pi1(t), pi2(t)), we let
Wpi(t) =
Zpi(t)
X2(t)/X2(0)
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t
Y (t)
Y (0)
matched
matched
unmatched
Figure 2. Matching up and down moves in the binary tree model.
be the value of the portfolio pi relative to asset 2. So asset 2 serves the purpose of
nume´raire (in the example in the Introduction asset 2 is cash). Then Wpi(0) = 1
and, by an argument similar to that in Lemma 2.2, we have Wpi(0) = 1 and
Wpi(t+ 1)
Wpi(t)
= 1 + pi1(t)
(
e∆Y (t) − 1
)
=
{
1 + pi1(t) (e
σ − 1) if ∆Y (t) = σ,
1 + pi1(t) (e
−σ − 1) if ∆Y (t) = −σ.
These are the ‘up’ and ‘down’ factors (in Figure 1 σ = log 2). For any time t, we
consider Wpi(t) as a product of these up and down factors:
(2.6) Wpi(t) =
t−1∏
s=0
(
1 + pi1(s)
(
e∆Y (s) − 1
))
.
Example 2.4 (Constant-weighted portfolio). Let pi = (q, 1 − q) be a constant-
weighted portfolio where 0 < q < 1. For each pair of up and down moves, we
get the contribution
(2.7) κ := (1 + q (eσ − 1)) (1 + q (e−σ − 1)) = 1 + q(1− q)(eσ/2 − e−σ/2)2 > 1.
Thus each matching creates a ‘growth factor’ κ. Note that this quantity is maxi-
mized when q = 12 , i.e., the portfolio is equal-weighted.
Suppose there are N(t) matchings up to time t (see Figure 2). From Figure 2, it
is clear that the number of unmatched moves is precisely M(t) := |Y (t)− Y (0)|/σ.
In the product representation (2.6), for each pair of up and down moves we get the
factor κ given by (2.7). Thus we get the decomposition
(2.8) logWpi(t) = N(t)κ+M(t)η,
where η := log (1 + q (e±σ − 1)) depending on the sign of Y (t) − Y (0). The de-
composition (2.8) makes it clear that the constant-weighted portfolio outperforms
asset 2 if and only if the number of matched moves is large relative to that of the
unmatched moves. In particular, if N(t) ↑ ∞ and M(t) = o(N(t)), then Wpi(t) ↑ ∞
as t ↑ ∞.
In the Appendix we consider rebalancing using state-dependent portfolio func-
tions and relate them with Fernholz’s functionally generated portfolio.
3. Energy-entropy rebalancing
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3.1. Discrete excess growth rate. We begin our treatment of the energy-entropy
framework by introducing the key quantities involved. Let pi be any portfolio strat-
egy. Taking logarithm on both sides of (2.3) and using the notation ∆A(t) :=
A(t+ 1)−A(t), we have
∆ log Vpi(t) = log
(
n∑
i=1
pii(t)
µi(t+ 1)
µi(t)
)
=
n∑
i=1
pii(t) log
µi(t+ 1)
µi(t)
+(
log
(
n∑
i=1
pii
µi(t+ 1)
µi(t)
)
−
n∑
i=1
pii(t) log
µi(t+ 1)
µi(t)
)
.
(3.1)
Definition 3.1 (Discrete excess growth rate). Let pi = {pi(t)}∞t=0 be a portfolio
strategy. The discrete excess growth rate of pi for the period [t, t+ 1] is defined by
(3.2) γ∗pi(t) = log
(
n∑
i=1
pii(t)
µi(t+ 1)
µi(t)
)
−
n∑
i=1
pii(t) log
µi(t+ 1)
µi(t)
.
The cumulative discrete excess growth rate is denoted by
(3.3) Γ∗pi(t) =
t−1∑
s=0
γ∗pi(s).
Note that γ∗pi(t) depends on pi(t), µ(t) and µ(t+1), and can be computed at time
t + 1. By Jensen’s inequality, the discrete excess growth rate γ∗pi(t) is always non-
negative. More explicitly, consider a random variable Y such that Y = log µi(t+1)µi(t)
with probability pii(t). Then we have
γ∗pi(t) = logEpi(t)
(
eY−Epi(t)Y
) ≥ 0,
where Epi(t) denotes the expectation with respect to pi(t) viewed as a probability
distribution. In particular, γ∗pi(t) is strictly positive unless Y is pi(t)-a.s. constant.
This allows us to view γ∗pi(t) as a measure of cross-sectional volatility of the market.
By Taylor approximation, we have
(3.4) γ∗pi(t) ≈
1
2
n∑
i,j=1
pii(t) (δij − pij(t)) ∆ log µi(t)∆ logµj(t)
when µ(t + 1) is close to µ(t) (here δij is the Kronecker delta). In the limit, this
becomes the excess growth rate introduced in [FS82] (see also [FK09, (1.13)]). Since
we work in discrete time, for simplicity we will drop the word ‘discrete’ and this
should cause no confusion with the continuous time excess growth rate.
The excess growth rate is nume´raire-invariant in the following sense (see also
[Fer02, Lemma 1.3.4]).
Lemma 3.2 (Nume´raire invariance). Let Xi(t) be the capitalization of stock i as
in (1.1), and let {M(t)}∞t=0 be any positive sequence serving as the nume´raire.
Let r˜i(t) = ∆ log(Xi(t)/M(t)) be the log return of stock i relative to M(t), and
r˜(t) = ∆ log(Zpi(t)/M(t)) be the corresponding quantity of the portfolio. Then
(3.5) γ∗pi(t) = r˜(t)−
n∑
i=1
pii(t)r˜i(t).
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Proof. By (2.2), we have
r˜(t) = log
(
n∑
i=1
pii(t)
Xi(t+ 1)
Xi(t)
· M(t)
M(t+ 1)
)
= ∆ logZpi(t)−∆ logM(t).
In the same way
n∑
i=1
pii(t)r˜i(t) =
n∑
i=1
pii(t) log
Xi(t+ 1)
Xi(t)
−∆ logM(t)
=
n∑
i=1
pii(t) log
µi(t+ 1)
µi(t)
+ ∆ logZµ(t)−∆ logM(t).
The lemma is proved by taking the difference of the two equations. 
In particular, taking M(t) ≡ 1 in (3.5), we have
γ∗pi(t) = log
(
1 +
n∑
i=1
pii(t)Ri(t)
)
−
n∑
i=1
pii(t) log (1 +Ri(t)) ,
which the difference between the portfolio’s logarithmic return and the weighted
average of the stock’s logarithmic returns. Thus γ∗pi(t) is also equal to the diversi-
fication return studied in [BF92].
We interpret the cumulative excess growth rate Γ∗pi(t) as the amount of market
cross-sectional volatility that can potentially be captured by the portfolio strategy
pi. Since γ∗pi(t) is usually strictly positive (when pi(t) ∈ ∆n) and the market weight
µ(t) is constantly fluctuating, we expect that Γ∗pi(t) ↑ ∞ as t ↑ ∞. The term ‘energy’
refers to this volatility term. More discussion about the terminology will be given
in Section 3.4.
3.2. Relative entropy. The second key quantity of the energy-entropy framework
is the relative entropy originating from information theory.
Definition 3.3 (Relative entropy). For p ∈ ∆n and q ∈ ∆n, the relative entropy
H (p | q) is defined by
H (p | q) =
n∑
i=1
pi log
pi
qi
,
with the convention 0 log 0 = 0.
Relative entropy is also called the Kullback-Leibler divergence in statistics. Again
by Jensen’s inequality we have H (p | q) ≥ 0, and H (p | q) = 0 if and only if p = q.
Relative entropy can be interpreted as a kind of distance between probability vec-
tors although it is not symmetric and does not satisfy the triangle inequality. For
further properties of relative entropy we refer the reader to [CT06, Chapter 2].
Now consider the first term of the last line of (3.1). Observe that
n∑
i=1
pii(t) log
µi(t+ 1)
µi(t)
=
n∑
i=1
pii(t) log
µi(t+ 1)
pii(t)
−
n∑
i=1
pii(t) log
pii(t)
µi(t)
= −H (pi(t) | µ(t+ 1)) +H (pi(t) | µ(t)) .
(3.6)
Combining (3.1) and (3.6), we can decompose the relative log return ∆ log Vpi(t) in
the form
(3.7) ∆ log Vpi(t) = γ
∗
pi(t) + (H (pi(t) | µ(t+ 1))−H (pi(t) | µ(t))) .
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t
log Vpi(t)
Γ∗pi(t)
log Vpi(t)
H(pi|µ(0))−H(pi|µ(t))
Figure 3. Energy-entropy decomposition of a constant-weighted
portfolio pi.
3.3. Constant-weighted portfolios. Constant-weighted portfolios are the sim-
plest and conceptually most important in the theory of rebalancing. Let us first
apply the decomposition (3.7) to a constant-weighted portfolio pi ∈ ∆n. Summing
(3.7) over time, we have the energy-entropy decomposition
(3.8) log Vpi(t) = Γ
∗
pi(t) + (H (pi | µ(0))−H (pi | µ(t))) ,
where ‘energy’ refers to the volatility term Γ∗pi(t) (see Section 3.4 for more discus-
sion). Note that the sum over the relative entropies is a telescoping sum because
pi(t) ≡ pi is constant over time. This decomposition is illustrated in Figure 3.
Remark 3.4. For constant-weighted portfolios, the decomposition (3.8) is a dis-
crete time version of Fernholz’s ‘master equation’ (see [Fer02, Theorem 3.1.5]) for
functionally generated portfolios. As a matter of fact, constant-weighted portfolios
are functionally generated (where the ‘generating function’ is the geometric mean).
The general energy-entropy decomposition (3.9) generalizes the decomposition to
any dynamic portfolio strategy. See [PWng] for a discrete time, pathwise approach
to the theory of functionally generated portfolios.
In the decomposition (3.8), the cumulative excess growth rate Γ∗pi(t) measures
the amount of market volatility captured by the portfolio pi (which is analogous to
the number of matched factors in the example in the Introduction). The relative
entropy term
H (pi | µ(0))−H (pi | µ(t))
measures how much the relative performance deviates from Γ∗pi(t). Note that the
relative entropy term depends only on the initial and current positions of the
market weight vector; it represents how the change in capital distribution affects
the performance of the portfolio, excluding the effect of volatility. In particular,
if the market weight vector becomes closer to the portfolio pi in the sense that
H (pi | µ(t)) < H (pi | µ(0)), the relative entropy term is positive and Vpi(t) > 1.
In typical market situations, we expect that Γ∗pi(t) grows linearly in time, i.e.,
Γ∗pi(t)− Γ∗pi(s) ≈ (t− s) for some  > 0. While in the short run the fluctuation of
log Vpi(t) is dominated by the relative entropy term, long term growth comes from
the cumulated excess growth rate. A simple example when this happens is given
by the following proposition.
Proposition 3.5. Let pi ∈ ∆n be a constant-weighted portfolio. Suppose the mar-
ket weight sequence {µ(t)}∞t=0 satisfies the following conditions: (i) there exists a
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compact set K ⊂ ∆n such that µ(t) ∈ K for all t, and (ii) Γ∗pi(t) ↑ ∞ as t ↑ ∞.
Then Vpi(t) ↑ ∞ as t ↑ ∞. In particular, let t0 = inf{t ≥ 0 : Γ∗pi(t) > c} where
−c := infp∈K (H (pi | µ(0))−H (pi | p)). Then Vpi(t) > 1 for all t ≥ t0.
Proof. Since µ(t) ∈ K for all t, by continuity of the relative entropy H (pi | ·) and
compactness of K, we have, for all t,
inf
t≥0
(H (pi | µ(0))−H (pi | µ(t))) ≥ inf
p∈K
(H (pi | µ(0))−H (pi | p)) = −c > −∞.
The rest follows immediately from the decomposition formula (3.8). 
The beauty of Proposition 3.5 is that it is pathwise and completely free of sto-
chastic modeling assumptions. To wit, long term outperformance follows whenever
the sequence {µ(t)}∞t=0 satisfies the path properties (i) and (ii). Proposition 3.5
does not claim that a constant-weighted portfolio always beat the market port-
folio. Rather, it gives an explicit set of sufficient conditions whose validity in a
given market can be evaluated by the portfolio manager. Thus, the pathwise ap-
proach separates the problem of rebalancing into two parts: (i) the path properties
required for rebalancing to be profitable, and (ii) whether these conditions are sat-
isfied by the actual market over the investment horizon. Previous approaches tend
to consider both questions together and give mixed results depending on the data
used.
In an equity market there is no reason why µ(t) would stay within a compact
subset of ∆n. In fact, in a typical market the market weights of most stocks are
close to 0. Proposition 3.5 is more applicable, for example, if we interpret each
asset as one or a group of industrial sectors or countries. In these situations we
expect the capital distribution to be more stable.
As constant-weighted portfolios are of limited applicability, it is of interest to
see how a dynamic portfolio strategy can be fitted in this framework. This is the
purpose of the next subsection.
3.4. General energy-entropy decomposition. For a general portfolio strategy
pi where pi(t) may not be constant over time, we will rearrange (3.7) such that the
effect of changing portfolio weights can be quanitifed. For this purpose, we write
∆ log Vpi(t) = γ
∗
pi(t) + (H (pi(t) | µ(t))−H (pi(t+ 1) | µ(t+ 1)))
+ (H (pi(t+ 1) | µ(t+ 1))−H (pi(t) | µ(t+ 1))) .(3.9)
The following nmemonic is helpful to remember and interpret the previous decom-
position:
(3.10) ∆ log Vpi(t) = ∆energy−∆relative entropy + ∆control,
where
∆energy = γ∗pi(t),
∆relative entropy = H (pi(t+ 1) | µ(t+ 1))−H (pi(t) | µ(t)) ,
∆control = H (pi(t+ 1) | µ(t+ 1))−H (pi(t) | µ(t+ 1)) .
(3.11)
We call (3.9) and (3.10) (as well as their time aggregates) the energy-entropy de-
composition of the portfolio strategy pi.
Some remarks of the terminologies are in order. Intuitively, we think that the
market offers a constant amount of volatility in the form Γ∗pi(t) ↑ ∞. Under suitable
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∆n
µ(t+ 1) pi(t)
pi(t+ 1)
Figure 4. Energy-entropy rebalancing. The oval shape is the
contour of H (· | µ(t+ 1)), and the dotted line represents the tan-
gent plane at pi(t). In the figure, pi(t + 1) is chosen such that
H (pi(t+ 1) | µ(t+ 1)) > H (pi(t) | µ(t+ 1)). Thus the ∆control
term is positive for this period.
market conditions, it can be captured and turned into profit by a dynamic rebalanc-
ing strategy. This is analogous to energy in nature (such as sea waves and wind) that
can be turned into work by machines. As the name suggests, the relative entropy
term monitors the distance between the portfolio weight and the market weight
vectors. Finally, the control term is determined by the new portfolio weight vector
pi(t+ 1) chosen at time t+ 1. Since it depends on the action of the investor, we call
it the control term. It is positive when H (pi(t+ 1) | µ(t+ 1)) > H (pi(t) | µ(t+ 1)),
i.e., the portfolio moves away from the market (see Figure 4), and is negative when
the portfolio moves towards the market. In the second case, we say that energy is
‘spent’ to get closer to the market (see Example 3.7).
Example 3.6 (Constant-weighted portfolio). Since pi(t) ≡ pi for all t, for a constant-
weighted portfolio the control term always satisfies ∆control ≡ 0. Note that
∆control = 0 does not mean that the portfolio does not trade at time t+1 (see Re-
mark 2.3). It simply means that the constant-weighted portfolio does not attempt
to make H (pi(t+ 1) | µ(t+ 1)) larger or small than H (pi(t) | µ(t+ 1)).
Example 3.7 (Market portfolio). The market portfolio satisfies pi(t) ≡ µ(t) for all
t. By definition, the relative entropy term is identically zero. Since Vµ(t) ≡ 1 by
definition, from (3.10) we have
∆energy = −∆control
for all t. Continuing our metaphor about energy, we say that the market portfolio
spends all the available energy to follow the market, and since no leftover energy
(volatility) is accumulated, it can never outperform the market.
4. Applications
4.1. Energy-entropy portfolios. If the portfolio is not constant-weighted, we
can choose the weights such that the ∆control term is either positive or negative.
Write the time aggregate of the general energy-entropy decomposition (3.10) in the
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form
log Vpi(t) =
∑
(∆energy + ∆control)−
∑
∆relative entropy
=
∑
(∆energy + ∆control)− (H (pi(0) | µ(0))−H (pi(t) | µ(t))) .
(4.1)
Intuitively, we think of ∆energy+∆control as the ‘leftover’ of energy after rebalanc-
ing, and the purpose of such rebalancing is to control the relative entropy distance
H (pi(t) | µ(t)). This is because if H (pi(t) | µ(t)) is large, a small change in market
weights may cause a big drop in relative performance (this may be called entropic
risk and is related to the concept of tracking error). The idea then is to choose a
portfolio strategy such that H (pi(t) | µ(t)) is bounded above and the first term is
increasing. This leads to the following definition.
Definition 4.1 (Energy-entropy portfolio). An energy-entropy portfolio is a port-
folio strategy pi which satisfies
∆D(t− 1) := ∆energy(t− 1) + ∆control(t− 1)
= γ∗pi(t− 1) + (H (pi(t) | µ(t))−H (pi(t− 1) | µ(t))) ≥ 0
(4.2)
for all t ≥ 1.
Note that an energy-entropy portfolio can be constructed using only the observed
history. At time t, the investor knows the previous portfolio weights {pi(s)}t−1s=0 as
well as the market weights {µ(s)}t−1s=0 up to and including time t. From this, one
can compute γ∗pi(t− 1) and H (pi(t− 1) | µ(t)), and then choose pi(t) for the period
[t, t+ 1] such that ∆D(t− 1) ≥ 0.
Writing D(0) = 0, for an energy-entropy portfolio the decomposition (4.2) allows
us to write an expression similar to (3.8) for constant-weighted portfolios:
(4.3) log Vpi(t) = D(t) +H (pi(0) | µ(0))−H (pi(t) | µ(t)) .
We call D(t) the drift process. As long as the drift process grows faster than
the relative entropy distance H (pi(t) | µ(t)) between the portfolio and the market
weights, the energy-entropy portfolio eventually outperforms the market.
Remark 4.2. In general, the portfolio weights of an energy-entropy portfolio depend
on the entire history of market weights. For this reason, energy-entropy portfolios
are typically not functionally generated (see [Fer02, Theorem 3.1.5] for the defi-
nition). Conversely, most functionally generated portfolios are not energy-entropy
in the sense of (4.2). This is because a functionally generated portfolio pi is a de-
terministic function of the current market weight, i.e., pi(t) = pi(µ(t)), so pi can be
regarded as a portfolio map pi : ∆n → ∆n. In fact, we proved in [PWng] that among
all deterministic portfolio maps, functionally generated portfolios are, in a certain
sense, all the volatility capturing portfolios. Although the energy-entropy frame-
work does not exhaust all possibilities in the dynamic case, it provides a systematic
method of constructing volatility capturing portfolios.
As an explicit example of energy-entropy portfolios, we introduce a family of
portfolio strategies we call λ-strategy. The strategy depends on a parameter λ ∈
[0, 1] and works as follows. Suppose we hold the portfolio pi(t) at time t. At time
t+ 1, we observe µ(t+ 1) and the energy term γ∗pi(t). We then move the portfolio
towards µ(t + 1) so that pi(t + 1) is a convex combination of pi(t) and µ(t + 1),
and the position is chosen so that we ‘consume’ λ fraction of the energy γ∗pi(t),
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pi(t)
µ(t+ 1)
pi(t+ 1)
drifted
rebalance pi(t+ 1)
consume λ∆energy
Figure 5. Illustration of the λ-strategy. At time t+1, the implied
portfolio weights is pi(t+1) (see (2.5)). The portfolio vector pi(t+1)
is a convex combination of pi(t) and µ(t + 1) chosen such that
∆control = −λ∆energy.
i.e., ∆control = −λ∆energy. In other words, we are ‘saving’ 1 − λ fraction of the
energy term for each period. The idea is to rebalance towards the market in order
to reduce the ‘entropic risk’ (see Section 4.1), and the step size is bounded such
that a constant proportion of market volatility is captured.
Explicitly, we construct the portfolio by the following algorithm:
(i) Fix a starting weight vector pi(0) ∈ ∆n.
(ii) Suppose pi(t) has been chosen at time t. At time t+ 1, µ(t+ 1) is revealed
and the discrete excess growth rate γ∗pi(t) can be computed. Then define
pi(t+ 1) = pi(t) + η (µ(t+ 1)− µ(s))
where η solves the equation −λ∆energy = ∆control:
(4.4) − λγ∗pi(t) = H (pi(t+ 1) | µ(t+ 1)−H (pi(t) | µ(t+ 1))) .
Example 4.3. If λ = 0, then pi(t+1) = pi(0) for all t and so pi is a constant-weighted
portfolio. If λ = 1 and pi(0) = µ(0), then pi is the market portfolio µ.
By (4.4), we immediately obtain the following energy-entropy decomposition of
the λ-strategy.
Proposition 4.4. Let pi be the λ-strategy with λ ∈ [0, 1]. Then
(4.5) log Vpi(t) = (H (pi(0) | µ(0))−H (pi(t) | µ(t))) + (1− λ)Γ∗pi(t).
The equation (4.4) is nonlinear. In practice, we can estimate the solution by
linear approximation, and a more sophisticated version is to let λ depend on market
conditions. The actual performance of the λ-strategy will be studied in Section 4.2.
Remark 4.5. The λ-strategy is analogous to the diversity-weighted portfolio given
by (1.2). Note then the diversity-weighted portfolio is equal-weighted when λ = 0
and is the market portfolio when λ = 1. For λ ∈ [0, 1], the relative log return
of the diversity-weighted portfolio can be expressed approximately as (see [Fer02,
Example 3.4.4])
(4.6) ∆ log Vpi(t) ≈ ∆ log Φ(t) + (1− λ)γ∗pi(t),
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Figure 6. (Left) Energy-entropy decomposition of pi with respect
to the Apple-Starbucks market, where λ = 0.3. (Right) Portfolio
and market weights of Starbucks as a function of time.
where
Φ(t) =
(
n∑
i=1
µλi (t)
)1/λ
is the diversity function. Both families of portfolio can be regarded as an interpo-
lation between a constant-weighted portfolio and a market-following portfolio.
4.2. Empirical examples. In this subsection we illustrate the λ-strategy defined
in Section 4.1 using actual data.
As a first example we consider the monthly stock prices of Apple and Starbucks
from January 1994 to April 2012. The market consists of these two stocks and
we normalize the prices so that they are equally weighted in January 1994 (i.e.,
µ(0) = (0.5, 0.5)). This data set is also studied in [BNPS12]. Now we simulate the
performance of the λ-strategy with λ = 0.3. We let pi(0) = µ(0) = (0.5, 0.5) be
the starting weights and use monthly time steps. Figure 6 (left) plots the energy-
entropy decomposition
log Vpi(t) = D(t) +H (pi(0) | µ(0))−H (pi(t) | µ(t))
as a function of time. Since pi is an energy-entropy portfolio, the drift process D(t)
is increasing by construction. From the figure, it is clear that the drift process
drives the long term outperformance of the portfolio. On the right we also plot the
weight of Starbucks. We see that the portfolio moves towards the market slowly
(approximating a finite variation process); it adjusts more rapidly when the market
is volatile, i.e., when the energy term is large. Compared to a constant-weighted
portfolio, here the fluctuation of the relative entropy term is smaller.
Next we turn to a more realistic example where we consider monthly country
returns (in US dollars) of 18 emerging market countries from January 2001 to
March 2013. More precisely, for each country we pick a country index, and the
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Figure 7. Performance of pi relative to the hypothetical market of
emerging countries, again with λ = 0.3. (Left) The portfolio begins
at the market weights. (Right) The portfolio is equal weighted
initially.
returns of that index are taken to be the country returns. The data is extracted
from Factset. The market consists of these countries, where the starting market
weights are proportional to the total capitalizations of the indices. For example,
the beginning market weights of Brazil, Chile and China are respectively 0.138,
0.044 and 0.073.
Again we simulate the performance of the λ-strategy with λ = 0.3. We consider
two cases where pi(0) = µ(0) and pi(0) = (1/n, . . . , 1/n) respectively. Figure 7
plots the energy-entropy decompositions of the two portfolios. In both cases pi
outperforms the market and the drift process has a steady increasing trend. Note
that although we use the same update rule in both cases, the time series of the
relative entropy terms are quite different because the portfolio depends on the
entire history of portfolio and market weights.
4.3. Hierarchical portfolios. Consider an investor in global markets. It is con-
venient to think of the portfolio in a hierarchical framework: (i) a portfolio that
describes the proportion of capital invested in each country, (ii) for each country
with several sectors in its economy, a portfolio that describes the amount invested in
each sector as a proportion of the total money invested in that country, and finally
(iii), for each sector of every country, how the allocated amount is distributed among
various stocks as proportions of the corresponding total. The above is an example
of a hierarchical portfolio, and similar structures arise for example in managing a
fund of funds or combining performances of different managers.
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The portfolio weights of a hierarchical portfolio can be thought of naturally
as conditional probabilities. In this subsection, we show that the discrete excess
growth rate and relative entropy satisfy chain rules which allow us to quantify
the profit or loss at each level of the hierarchy. For convenience, we study a two-
step hierarchy (‘sectors’ and ‘stocks’) and similar considerations can be applied to
multiple levels.
Suppose there are m sectors and each sector has ni stocks, i = 1, . . . ,m. The
universe thus consists of n ≤ n1 + · · ·+ nm stocks, with equality when the sectors
are disjoint. Now a portfolio vector pi in this universe is a combination of the sector
portfolios pii = (pii1, . . . , piini) ∈ ∆ni . It is helpful notationally to regard each pii as
a portfolio weight vector in ∆n simply by putting zeros for stocks not in the sector.
Let the sector weights be λ = (λ1, . . . , λm) ∈ ∆m. Then the portfolio weight vector
pi can be expressed in the form
pi =
n∑
i=1
λipii.
Proposition 4.6 (Chain rules). Consider two pairs of sector weights and sector
portfolios (λi, pii), i = 1, . . . ,m, and (αi, νi), i = 1, . . . ,m. Let pi and ν be the total
portfolios as distributed over all n stocks. We have the following identities.
(i) Chain rule for relative entropy:
H (pi | ν) = H (λ | α) +
m∑
i=1
λiH (pii | νi) .
(ii) Chain rule for discrete excess growth rate:
γ∗pi(t) = γ
∗,sector
pi (t) +
n∑
i=1
λi(t)γ
∗,stock
pii (t).
Here, γ∗pi(t) and γ
∗,stock
pi are the discrete excess growth rate where the basic assets
are the stocks, and γ∗,sectorpi is the discrete excess growth rate where the basic assets
are the sector portfolios.
Proof. (i) The chain rule for relative entropy is a well-known property of relative
entropy and can be found, for example, in [CT06, page 24].
(ii) Fix a time period [t, t+1] and for notational simplicity we will drop time in the
following computation. If X(t) represents the market capitalization of a stock, its
logarithmic return over the interval is r(t) = ∆ logX(t). Now let rstock be the vector
of the logarithmic returns of all stocks. Similarly, let rsector = (rsector1 , . . . , r
sector
m )
be the vector of sector logarithmic returns. We now use Lemma 3.2 repeatedly.
If we think of pi as a portfolio of the n stocks, we can write
rpi =
m∑
i=1
ni∑
j=1
λipiijr
stock
ij + γ
∗
pi.(4.7)
We may also think of pi as a mixture of sector portfolios, and each sector portfolio
pii is a mixture of sector stocks. Hence, at the sector level we may also write
rpi =
m∑
i=1
λir
sector
i + γ
∗,sector
pi(4.8)
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Finally, for each sector portfolio, we have
rsectori = rpii =
ni∑
j=1
piijr
stock
ij + γ
∗,stock
pii(4.9)
Let a · b denote the Euclidean inner product of two vectors a and b. Putting
(4.9) into (4.8), we get
rpi =
m∑
i=1
λi(pii · rstock + γ∗,stockpii ) + γ∗,sectorpi
= pi · rstock +
m∑
i=1
λiγ
∗,stock
pii + γ
∗,sector
pi .
(4.10)
Comparing (4.10) and (4.7), we have γ∗pi =
∑m
i=1 λiγ
∗,stock
pii + γ
∗,sector
pi . 
Proposition 4.6 provides a neat way of attributing the energy and relative entropy
terms of any portfolio across levels. We now ask a natural question: if we run an
energy-entropy portfolio within each sector and run an energy-entropy portfolio
among the sectors, is the total portfolio also an energy-entropy portfolio? The
following proposition gives a set of sufficient conditions when this is the case.
Proposition 4.7. Using the notation of Lemma 4.6, let pi(t) =
∑m
i=1 λi(t)pii(t)
be the portfolio and let µ(t) =
∑m
i=1 αi(t)µi(t) denote the market portfolio (here
each µi represents a sector market portfolio). Suppose each pii is an energy-entropy
portfolio within sector i. Then pi is an energy-entropy portfolio over the entire
universe if any of the following two conditions is satisfied.
(i) λ is a constant-weighted portfolio.
(ii) λ is an energy-entropy portfolio that satisfies the following monotonicity
condition for any pair of indices (i, j):
λi(t+ 1)
λi(t)
≥ λj(t+ 1)
λj(t)
, if
H (pii(t+ 1) | µi(t+ 1)) > H (pij(t+ 1) | µj(t+ 1)) .
(4.11)
Proof. We start at the decomposition (4.3). It suffices to consider the drift process
D(t) and show that it is increasing in time. We have
∆D(t) = γ∗pi(t) +H (pi(t+ 1) | µ(t+ 1))−H (pi(t) | µ(t+ 1)) .(4.12)
We now use Lemma 4.6 to expand each term on the right side of the above
equation:
γ∗pi(t) = γ
∗,sector
pi (t) +
m∑
i=1
λi(t)γ
∗,stock
pii (t),
H (pi(t+ 1) | µ(t+ 1)) = H (λ(t+ 1) | α(t+ 1)) +
m∑
i=1
λi(t+ 1)H (pii(t+ 1) | µi(t+ 1)) ,
H (pi(t) | µ(t+ 1)) = H (λ(t) | α(t+ 1)) +
m∑
i=1
λi(t)H (pii(t) | µi(t+ 1)) .
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When λ is constant-weighted, we have λ(t) = λ(t + 1) ≡ λ. This allows us to
combine the three terms above and get
∆D(t) = ∆Dsector(t) +
m∑
i=1
λi∆D
stock
i (t),
where the notation is self-explanatory. Since we have energy-entropy portfolios
within each sector and a constant weighted portfolio among the sectors, each of the
∆D··(t) terms is non-negative. This shows that ∆D(t) ≥ 0 and proves that pi is an
entropic-rebalancing portfolio.
In the general case we write
∆D(t) = ∆Dsector(t) +
m∑
i=1
λi(t+ 1)H (pii(t+ 1) | µi(t+ 1))
+
m∑
i=1
λi(t)
[
γ∗,stockpii (t)−H (pii(t) | µi(t+ 1))
]
= ∆Dsector(t) +
m∑
i=1
[λi(t+ 1)− λi(t)]H (pii(t+ 1) | µi(t+ 1))
+
m∑
i=1
λi(t)
[
H (pii(t+ 1) | µi(t+ 1)) + γ∗,stockpii (t)−H (pii(t) | µi(t+ 1))
]
.
Because we run energy-entropy portfolios within and among the sectors, the first
and the third term in the final expression above is nonnegative. We now show how
to control the middle term.
Consider a random integer I that takes value i with probability λi(t), for i =
1, 2, . . . ,m. Consider two functions:
f(i) =
λi(t+ 1)
λi(t)
, g(i) = H (pii(t+ 1) | µi(t+ 1)) .
Obviously Ef(I) = 1 and, hence
m∑
i=1
[λi(t+ 1)− λi(t)]H (pii(t+ 1) | µi(t+ 1)) = Cov (f(I), g(I)) .
If (I, I ′) are i.i.d. random variables, the above covariance is given by the sym-
metrized expression
Cov (f(I), g(I)) =
1
2
E
[
(f(I)− f (I ′)) (g(I)− g (I ′))
]
.
Thus, under the assumed monotonicity condition (4.11), for any pair of values of
(I, I ′) we must have
(f(I)− f (I ′)) (g(I)− g (I ′)) ≥ 0.
This, in turn, implies that Cov (f(I), g(I)) ≥ 0. Combining everything we get
∆D(t) ≥ 0 and hence our result is proved. 
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Appendix A. Rebalancing and functionally generated portfolios
We continue the discussion in Section 2.3.
Example A.1 (Deterministic portfolio function). Consider a portfolio strategy pi(t) =
(q(Y (t)), 1− q(Y (t))), where q : R → [0, 1] is a function of Y (t). Now the gain or
loss from a match depends on the value of Y . The contribution of a matching from
an up move from kσ to (k + 1)σ and a down move from (k + 1)σ to kσ is
(1 + q(kσ) (eσ + 1))
(
1 + q((k + 1)σ)
(
e−σ + 1
))
.
When is this contribution greater than 1? Assuming q is differentiable and using
Taylor approximation, if we let σ → 0 we get the differential inequality
(A.1) q′(y) ≤ q(y)(1− q(y)).
Note that if q(y) = e
y
1+ey (i.e., when pi is the market portfolio), then q
′ = q(1−q) and
equality holds. As it turns out, the inequality (A.1) is closely related to Fernholz’s
functionally generated portfolio. Using the definition of functionally generated
portfolio given in [Fer02, Chapter 3], we have the following result.
Proposition A.2. Any portfolio pi(t) = (q(Y (t)), 1− q(Y (t))), where q is continu-
ously differentiable, is functionally generated. A generating function (unique up to
a multiplicative constant) is
(A.2) Φ(µ1, µ2) = exp
(
F
(
log
µ1
µ2
)
− log 1
µ2
)
,
where F is an antiderivative of q. Moreover, the inequality (A.1) holds for all y if
and only if Φ is concave.
Proof. Let Φ = eG, where G is a differentiable function of y = log X1X2 = log
µ1
µ2
. By
[FK09, (11.1)], Φ generates the portfolio (pi1, pi2) where
pi1(µ)
µ1
= D1 log Φ(µ) + 1− µ1(µ)D1 log Φ− µ2D2 log Φ = G
′(y) + µ1
µ1
.
To generate the weights (q, 1− q), we require that
q(y) = G′(y) + µ1 = G′(y) +
ey
1 + ey
.
We may then pick G(y) = F (y) − ∫ ey1+ey dy = F (y) − log(1 + ey). The second
statement then follows by direct differentiation. 
The inequality (A.1) and Proposition A.2 are the beginning of a bigger story.
The underlying ‘geometry of rebalancing’ is studied in [PWng], giving rise to an
elegant connection between functionally generated portfolio, convex analysis and
optimal transport. Further development related to optimization and Cover’s uni-
versal portfolio [Cov91] are reported in [Won15a] and [Won15b].
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